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2014 A4
Lets start by trying to understand the objects in the factor equation:
K
Ziv =i+ 3 bijfir + € (1)
j=1

This describes a factor model with k factors. This models attempts to explain the large covariance
matrix of the observed returns using a much smaller number of factors that dominate the variation.
Note that the market (3) model we studied in earlier problems is in fact a one factor model. However,
the market model not explain observed returns well at all whereas including a few more factors provides
a much better better fit to data. Equation 1 is perhaps easier to understand if we write it out in vector
notation. We are given that there are K factors. Suppose there are N stocks;

Z1 H1 b11 b1k €1t
: = + fue X + -+ fie ¥ + :
ZNt N b1 bnk ENt
Note that fi4,..., fx: are K univariate random variables that vary with time. b;; is a N x K constant

matrix describing the loading of the factors within the space of the IV stocks. € is a vector of shocks,
usually taken to be i.i.d. (in some versions contemporaneous correlations are allowed between stocks,
as long as the idiosyncratic risk associated with e vanishes as the universe of stocks N gets large). Now
lets answer the question:

a) i)
When T is large and we do not observe factors or b, we treat b as fixed and f as stochastic. Estimates
for b and p proceed by MLE. We impose € as i.i.d. and define the covariances as follows:

D =V AR(e)
Xy =VAR(f)
Q=VAR(Z)=b2;b" + D

2 is the covariance of observed excess returns. We do not know X or b and so there is an identification
issue in the model; we cannot untangle b from X - this is not surprising as the purpose of fitting this
model is to separate out the variance of returns into that caused by a small number of factors (bX ;bT)
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and an idiosyncratic part (D). Thus we set ¥y = Ix which allows unique identification of b (up to
sign). The LogLikelihood is:

T
1
¢(, b, D) = const — —log [det(bb" + D)] — =3 (2 — )" (00" + D) (24 — p)

t=1

[\)

This is a nicely behaved function for p and the M.L.E. yields the same expressions as OLS (because
to maximise the likelihood we minimise the ordinary square error term ZtT:1(Zt — )Tz — p));

i =argmax{(u,b,D)=0 = [p=2Z
m

As in OLS the MLE for pu is the sample average of the means. Write also:
- 1<
=7 (-m-mn"
t=1

We can substitute i (and the expression ﬁ) back into the LogLikelihood to form a likelihood for b and
D (this process is called concentrating out p):

T 1 ~
¢(j1,b, D) = const— 5 log [det(bb” + D)] — 5tr(Q(bbT+D)—1) using tr(ABC) = tr(CAB)

This is a horrendous non-linear equation in b and D and the maximum has to be found using a
numerical procedure. Once b and D have been obtained estimates for ft can be found by cross-
sectional regression. Note that all factors must be pervasive (b7b — oo) for these estimates to be
consistent. Due to the errors-in-variables issue caused by the use of an estimate for b, we are not able
to find correct standard errors.

a) ii)

When T is small compared with N estimation is conducted by Asymptotic Principle Components. We
now assume that the realisation of the factors f;; are fixed and consider the T'zK matrix F' where
Fy; = fj- bis treated as the stochastic variable having a realisation for each stock 4. b; is a vector of
length K (ie the loadings of the factors for stock i) and has variance ;. The model is now written for
each stock i as

Z; = pitr + Fb; + ¢€; t=1,....n
Written explicitly as vectors:

Zi 1 fir - fik bi1 €1
S 77 N I AU S I - i=1,...,n

VA% 1 fri - frx bix &1

In contrast to the method above when T is large, the procedure aims to separate the excess return
variance across stocks as opposed to across time. Again there is a separation in variance caused by
the factors (Fb;) as well as a idiosyncratic part (¢;). The identification arises and this is solved here
by making >, diagonal, with the K diagonal elements ordered by decreasing size. The procedure for
fitting is outlined in lectures and the steps are summarised as:



1. Set the columns of F' equal to the K largest eigenvectors of the estimate of the sample covariance
matrix of excess returns across stocks; ¥, = % S (Zi—Z4)(Zis — Zs)

2. Given ﬁ, estimate the factor loadings b; by times-series regression

The above approach assumes e is homoskedastic in the time dimension. This can be overcome by
estimating 6%,...,6% iteratively (o, = var(e;)). Estimates of the heteroskedasticity are used in
subsequent time-series regressions which themselves can be then used to update 6%,...,6%. You
should have seen a similar approach when performing FGLS in the Econometrics course.

b)

When factor returns f are observed, the test of APT is analogous to the test of the single factor CAPM
(which we discussed in problem set 2). In both cases theory implies that the intercept y = 0. The
MLE is the same as the that provided by equation by equation OLS. As in the CAPM test the (large
T asymptotic) test is conducted by a Chi Squared test on the restriction p = 0.

2014 B1

As usual using lower case variables to represent log quantities:

"Return" = "Captial Gains" 4+ "Dividends"
P — P n D4
P Py
T4l = lOg(l =+ Rt+1)
P P.1—P+D
log(tJr t+1 t+ t+1>

Ry =

P, P,
=10g(Piy1 + Diy1) — log(Py) .~ log(A/B) = log(A) x log(Bfl) =log(A) — log(B)
= log (Pt+1 {1 + DMD — log(P,)
Py

Diqq
= log(Pi41) — log(Fy) + log | 1+

P

Dyiy .
=log(Piy1) — log(P;) + log | 1 + exp |log B cexp(log(x)) =z Ve
1

= log(Pi+1) — log(P) + log(1 + exp(log(Diy1) — log(Pi11)))
= pi+1 — Pt +log(1 + exp(dir1 — pit1)) (2)

The approximation in Campbell’s model comes from using a first order approximation to

f() = log(1 + exp(-))

and expanding about the average values of the dividend and price ratios. Note that:

d o) — exp(r) 1
dacf( )= 1+exp(x) 1+exp(—x)

So (using Taylor’s approximation)



Substituting = dy11 — pry1 and T = d— p into above

o dyg — —d+p
log(1 + exp(dis1 — pra1)) =~ log(1 + exp(d — p)) + bl pt“_ P
1+ exp(p—d)

o p—d di+1 — pe+1
= log(1 d— ) 1
og(1+eap(d —p)) + 1 cxp(p—d) 1+ cap(p—d)

=k+(1—p).(diy1 —pey1)

where

and

_ p=d
1+ exp(p —d)
=log(p™") + (1 = p).(p — d)

= —log(p) + (1 = p).(p — d)

k =log(1+ exp(d —p)) +

note from equation 3

SO

k= —log(p) 4+ (1 — p).log <1fp>

Substituting these expressions into equation 2 above yields the result from lectures:

Tir1 2k +pipr —pe + (1 —p). (dey1 — pey1)
=k+ (1 —p)dis1+ p.piy1 — e

Rearranging, taking expectations at time t, and iterating forward:



pr=k+ (1 —p)Eydiy1 — Evreer + pEpiya
=k+ (1-p)Eidit1 — Evrigr + p(k+ (1 — p)Erdiro — Evriso + pEiprio)
= k(14 p) + (1= p)Ey(dis1 + pdita) — Ey(regr + prige) + p° Epesn

iterating s times

=kY P+ (=p)Y P Edij— Y P By + p " Eipryn
§=0 j=0 j=0
=17, (1-p) Z P’ Eydiyji1 — Z PP Er 1 Mmoo p" Eipiin
P §=0 §=0
k 00 ) (%S )
=1 +(1-p) Z P Eediy i1 — Z PP Eeriq i assuming the usual no-bubble condition
—p _ _
7=0 7=0

As required. Noting also

1
1+ exp(d—p)

~
~

p - exp(log(D)) ~ exp(log(D)) = D, and similarly for P

IO

1
1+

shows p is approximately the discount factor associated with a discount rate of approximately the
average dividend yield ratio. Campbell’s model can also be explained as

pt = constant + (1 —p) x D — R

where

o0

D= Z il Eydi4j+1 = "Expected future dividends discounted at rate p"
§=0
oo

R = Z P’ Eyriq 41 = "Expected future returns discounted at rate p"
§=0

Whereas with, say, bond pricing, future cashflows are discounted by the bond yield, Campbell’s model
has expected future dividends and returns being approximately discounted at the average dividend
yield rate p. This makes some appealing intuitive sense.

Campbell’s model is an improvement on earlier fundamental models of stock prices, such as the Gordon
Growth model, that use constant expected returns. The preceding class of models predict much lower
variability of prices than that observed. In those models prices only vary with changes in expected
dividends. These simply do not vary enough. However in Campbell’s model, expectations of returns
may vary which can explain much higher volatility of prices. In particular when returns are slowly
varying, for example with a constant plus an AR(1) process with a coefficient close to unity, prices
become very sensitive to changes in expected returns.

VAR modeling can be performed when fundamental data is available as a time series. For exam-
ple, If xq,...,z) are available fundamental data then the following VAR(1) model can be estimated
consistently by OLS:



Tt Tt—1
Tt T1,t—1
=0 . +€

Tkt Tk,t—1

Given the estimate of the k + 1 squared matrix ®, expectations for future returns at time t can be
found via:

Tt

— ~ Tt
Ei(rigpt1) =P .

Tt
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The model in this question is a particular type of ARCH(5) model (Note GARCH includes lags of the
conditional variance in the dynamic equation whereas ARCH does not). In the below model, today,
conditional variance depends on the squared return from 5 days ago:

Tt = O¢€t

2 _ 2
0 =W +ri_s

et ~ NID(0,1)

Not given in the question are the stationarity conditions w >0, 0 <y < 1.

a)

Simple answer: Yes. Returns do not depend on any public information in this model and knowing it
does not help you make money (price-information is also fully reflected - see the next part).

My preferred answer: This model does not say anything about Semi-Strong Market Efficiency. Fun-
damental information may or may not be transmitted to the price via the shocks ¢;.

Note, the “simple answer” is probably the answer the lecturer was expecting. The question is not
asking “is this a good model for financial assets” it is stating that if financial assets abide by this model
does semi-strong market efficiency hold. Neither answer is incorrect.

b)

This model is consistent with weak form efficiency as returns are a martingale difference (ie it obeys
RW 2.5). Specifically E(r¢|ri—1,74—2,...) =0 - 7r¢|re_1,74-92,... ~ N(0,w+~r2_;). Past information
may effect higher moments of the distribution of returns (specifically the variance) but the conditional
expectation is always zero no matter what. An investor cannot make abnormal returns systematically
in this model.

c)

This model is not consistent with the stylized empirical fact of strictly positive serial correlation of
squared returns. As in lectures, the most straightforward way of finding the ACF of 77 is to eliminate
o? from the dynamic equation using a Martingale Difference (MD) innovation that depends on r?:



7= 0f + ot - 1)
=w+ 77}2,5 + 0y (4)
= Uf(ff -1)

n is the MD as E(n?|"the world at t-1") = 0 - ¢ is i.i.d. You should notice that r? follows a
particular type of AR(5) process which would produce an ACF at lags of multiples of 5 only. I will
use a slightly more sophisticated method of proving this:

(1=yLP)r} =w+n,
2 w un

=T + A=~ " L has no effect on the constant w
:—+27L5 |7|<17—Zx V| <1
$>0 $>0
= + ZW Mt—5s
s>0

So 7?7 is equal to the unconditional mean (ﬁ) plus a linear combination of past shocks of the MD 7

separated in time by multiples of 5. This shows that if k is not a multiple of 5 then 77 and r7_, will
share no 7, terms and thus have zero covariance. This ACF does not describe the expected shape of a
financial asset which would be positive at all lags and decaying. This model also does not makes much
intuitive sense; why would the volatility depend of the market move from one week ago only, rather
than yesterday?

d)

This is the leverage assumption written in a different way. GARCH models (of which ARCH is a
special case) do *not* have this property. Proving this follows from the fact that there is a r,_j, linear
term in the covariance which has zero expectation:

Cou(rf,re-k) = E(r{rer) since E(ri—y) =0
= E(0?0s_reler )

= Eo00 i [E(U,:Qat k€T EL—k|OE, O k)] Using L.LE.

= FEo, 004 [Utat kE( Eth klow, o k)]
=FEo,0, . [070t-1kE(€})E(e1—)] e s i,
=Eg, 0, , |0701-1 x 1 x 0]

=0

2016 A3

Returns depend on fundamentals z; which are themselves are serialling correlated. Essentially the
question is asking us to show that the ACF of returns is small when S is significant despite the fact
that the fundamentals have persistence. The key is the fact that error terms in the price equation
and the dynamic AR(1) equation are contemporaneously correlated (but not serially correlated). First
note that x; is an AR(1) process and is thus a linear combination of past shocks of 7. This means



that x; is independent of future shocks of both €; and 7;4. Start by writing down some properties
of this AR(1) process:

E(z}) = 10"" 5 The usual AR(1) unconditional variance covered previously
—p

E(z2i_) = pRE(2?) The usual covariance (5)
(1= pL)ze = 141
1

T+ =
t= 1 oL Ne+1
= Z(PL)S%H Expanding as a geometric sum as in previous questions

s>0

= Z P41 (6)
s>0

Consider the covariance of returns at lag 1:

COV (ri41,71) = E(riqamy) E(ry) =E(w—1)=0
E[(Bxt + €41) X (Bri—1 + €]

E[(Bpri—1 +m: + €41) X (Bri—1 + €)]

E [B%px}_ 1 + Bnet]

because there is no serial correlation of shocks and x;_; is independent of 7, ¢; and €;41. So

COV(Tt+17Tt) = BQPVAR({L}) + 50’7—,6

_ 52p(7,m
1—p2

+ ﬂgne

Calculate the covariance for higher lags by forming an iterative relationship:

COV (ry,ri—k) = E[(Bri—1 + €) X (BTi—1-k + €1-k)]
= E[(Bpri—2 + Pni—1+€) X (Bri—1-k + €11
= E[(p(Bri—2 + €—1) + Bp—1 + € — per—1) X (Bri—1-k + €1—1)]
=FEpriiri—i| + E[(Bne—1 + € — pee—1) X (Bri—1—k + €1—1)]
= p.COV (re,re——1) Vk>1

since everything in the second expectation term vanishes if there are no shared shocks and if the shocks
Me—1 + € — €1 occur “after” x;_q_, which they do for £ > 1. Thus

COV (ry,ri—g) = pkilcOV(Tt,Tt—l)
_ Bpo
— 1 Lp_;’; +an5}

Thus

Ine 77@00@2 = COV (r,re—1) =0
O L—p

Thus if dividend price ratios are negatively correlated to shocks in returns, which makes sense, and the
correlation is just the right size, large s are indeed possible without the persistence in the fundamentals
causing serial correlation in observed returns. (Stambaugh 1999).



