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Abstract

This paper studies estimation of dynamic covariance matrix with multiple conditioning variables,
where the matrix size can be ultra large (divergent at an exponential rate of the sample size). We
introduce an easy-to-implement semiparametric method to estimate each entry of the covariance
matrix via model averaging marginal regression, and then apply a shrinkage technique to obtain an
estimate of the large dynamic covariance matrix estimation. Under some regularity conditions, we
derive the asymptotic properties for the proposed estimators including the uniform consistency with
general convergence rates. We also consider extending our methodology to deal with the scenario
where the number of conditioning variables is diverging. Simulation studies are conducted to illustrate

the finite-sample performance of the developed methodology.
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1 Introduction

The classical theory of mean /variance portfolio choice was developed by Markowitz (1952), see Merton
(1969) and Fama (1970) for some other important developments. More recently this topic has been at
the centre of a lot of research, see Back (2010) and Brandt (2010) for some recent surveys. In practice,
it is not uncommon that the dynamic portfolio choice depends on many conditioning (or forecasting)
variables, which reflects the varying investment opportunities over the time. Generally speaking,
there are two ways to describe the dependence of portfolio choice on the conditioning variables. One
is to assume a parametric model that relates the returns of risky assets to the conditioning variables
and then solve for an investor’s portfolio choice using some traditional econometric approaches to
estimate the unknown parameters. However, the assumed parametric models might be misspecified,
which would lead to inconsistent estimation of the optimal portfolio and invalid inference. One way
to avoid the possible model misspecification issue is to use some nonparametric methods such as the
kernel estimation method to describe the dependence of the portfolio choice on conditioning variables.
The latter method is introduced in Brandt (1999) in the case of a univariate conditioning variable.
Ait-Sahalia and Brandt (2001) further develop a single-index strategy to handle multiple conditioning
variables. This literature has worked with the case where the number of assets is fixed and relatively
small. However, another literature has considered the case where there are no covariates but there
are a large number of assets (c.f., Ledoit and Wolf, 2003, 2004, 2014; Kan and Zhou, 2007; Fan, Fan
and Lv, 2008; DeMiguel et al, 2009; DeMiguel, Garlappi and Uppal, 2009; Pesaran and Zaffaroni,
2009; Frahm and Memmel, 2010; Tu and Zhou, 2011).

As seen from the aforementioned literature, accurate covariance matrix estimation plays a crucial
role in portfolio choice problem. In this paper suppose that the observations X; = (X, ..., Xq)',
t=1,...,n, are collected from a d-dimensional stationary process with covariance matrix E[(X; —
EX;)(X; — EX;)"] = X, where the matrix X is invariant over time. There have been extensive
studies on estimating such a static covariance matrix. For instance, when the dimension d is fixed or
significantly smaller than the sample size n, 3 can be consistently estimated by the sample covariance
matrix (c.f. Anderson, 2003):

— 1< — —_ = 1
E:E;(Xt—X)(Xt—X), X=-> X (1.1)

However, the above conventional sample covariance matrix would fail when the dimension d is large
and exceeds the sample size n. In the latter case, the matrix ¥ becomes singular. In order to obtain a
proper estimation of 3 when d > n, some structural assumptions such as sparsity and factor modelling
are usually imposed in the literature, and then various regularisation techniques are used to produce

consistent and reliable estimates (c.f., Wu and Pourahmadi, 2003; Bickel and Levina, 2008a,b; Lam



and Fan, 2009; Rothman, Levina and Zhu, 2009; Cai and Liu, 2011; Fan, Liao and Mincheva, 2013).

The aforementioned literature on large covariance matrix estimation assumes that the underlying
covariance matrix is constant over time. Such an assumption is very restrictive and may be violated
in many practical applications such as in dynamic optimal portfolio allocation (Guo, Box and
Zhang, 2017). This motivates us to consider a dynamic large covariance matrix, whose entries
may evolve over time. In recent years, there have been increasing interests in estimating dynamic
covariance or correlation matrices and exploring their applications. For example, Engle (2002) uses
the parametric multivariate GARCH modelling method to estimate dynamic conditional correlation;
Guo, Box and Zhang (2017) combine semiparametric adaptive functional-coefficient and GARCH
modelling approaches to estimate dynamic covariance structure with the dimension d diverging at a
polynomial rate of n; Chen, Xu and Wu (2013) and Chen and Leng (2016) use the kernel smoothing
method to nonparametrically estimate each entry in the dynamic covariance matrix and then apply
the thresholding or generalised shrinkage technique when the dimension d can be divergent at an
exponential rate but the conditioning variable is univariate; Engle, Ledoit and Wolf (2016) extends
Engle (2002)’s dynamic conditional correlation models to large dimensional case using a nonlinear

shrinkage technique derived from the random matrix theory.

Let Uy = (Up, ..., Uy,)" be a p-dimensional vector of conditioning variables which are stationary

over time. We consider the conditional covariance matrix of X,;,; given U;:
So(u) = E (X1 X[ [Ur = 1) — [E(Xia|Up = 0)] [E(Xea [U; = w)]
where u = (uy,...,u,)" is a vector of fixed constants. To simplify notation, we let
Co(u) = E (X1 X1 |Ur = u) and Mo(u) = E(Xea|Us = u),
and rewrite the conditional covariance matrix as
o(u) = Co(u) — Mo(u) Mg(u). (1.2)

In order to estimate (), one only needs to estimate Co(u) and My(u). A natural way to estimate
Co(u) and My(u) is via nonparametric smoothing. However, although the nonparametric estimation
is robust to model misspecification, its finite-sample performance is often poor when the dimension of
conditioning variables Uy, p, is moderately large (or even as small as three), owing to the “curse of
dimensionality”. Therefore, when U, is a multivariate vector, a direct use of the nonparametric kernel
approach as in Chen, Xu and Wu (2013) or Chen and Leng (2016) would be inappropriate, and an
alternative technique is needed. In practice, many variables including past lags, momentum measures,

seasonal dummy variables, past earnings, transaction volume, have been used to predict the mean



and variance of stock returns.

Letting o7;(u) and ¢;(u) be the (i, j)-entry of the matrices Xo(u) and Co(u), respectively, and
m?(u) be the i-th element of Mg(u), it follows from (1.2) that

ol (u) = ¢ (u) —md(uw)ymi(u), 1<i,j<d (1.3)

v (¥ ) =0) =W .
Instead of estimating mj (u) and ¢;(u) directly via nonparametric smoothing, we approximate them
using the Model Averaging MArginal Regression (MAMAR) approximation (Li, Linton and Lu, 2015),
ie.,

p p

m?(u) ~ bi,O + Zbi,kE<Xt+l,i‘Utk = uk) = b@o + Z bi,kmi,k(uk), 1 S 1 § d, (14)

k=1 k=1
where b; ;, are unknown parameters which may be regarded as “weights” for marginal mean regression

models; and similarly for c;(u)

p p
C%(U) =~ az'jp + Z aij,kE(Xt+1,iXt+1,j|Utk = Uk> = amo + Z aij,kcim(uk), 1 S Z,j S d, (15)
k=1 k=1

where a;;;, are unknown weighting parameters. In (1.4) and (1.5), both m; ;(ux) and ¢;;x(uy) are
univariate nonparametric functions and can be well estimated by commonly-used nonparametric
methods without incurring the curse of dimensionality. The MAMAR method provides an alternative
way to estimate nonparametric joint mean regression with multiple regressors. The MAMAR
approximation is introduced by Li, Linton and Lu (2015) in a semiparametric setting, and is applied
to semiparametric dynamic portfolio choice by Chen et al (2016) and further generalised to the
ultra-high dimensional time series setting by Chen et al (2017). A similar idea is also used by Fan et

al (2016) in high-dimensional classification.

The accuracy of the MAMAR approximation to the joint regression functions relies on the choice
of the weight parameters, e.g., b, and a;;; in (1.4) and (1.5), respectively. Section 2.1 below derives
the theoretically optimal weights and consequently obtains a proxy, 3 (u), of the true dynamic
covariance matrix 3o(u). A two-stage semiparametric method is proposed to estimate each entry of
3 (u): in stage 1, the kernel smoothing method is used to estimate the marginal regression functions
mik(w) and ¢ (ug); in stage 2, the least squares method is used to estimate the optimal weights
in the MAMAR approximation by replacing the marginal regression functions with their estimates
obtained from stage 1 and then treating them as “regressors” in approximate linear models associated
with m{(u) and cf;(u). Based on the above, an estimate of the optimal MAMAR approximation of
mg(u) and ¢;(u) can be constructed via (1.4) and (1.5), and subsequently the optimal MAMAR

approximation of 0% (u) can be estimated via (1.3). Finally, a generalised shrinkage technique is

applied to the obtained covariance matrix to produce a non-degenerate estimate that has its small

4



entries forced to zero. Under some mild conditions and the assumption that ¥ (u) is approximately
sparse, we derive the uniform consistency results for estimators of ¥;(u) and its inverse. These
results also hold for the true covariance matrix Xo(u) as long as ¥, (u) and Xo(u) are sufficiently

“close”. The sparsity result for the semiparametric shrinkage estimator is also established.

The rest of the paper is organised as follows. Section 2 derives the optimal weights in the
MAMAR approximation (1.4) and (1.5), and introduces the semiparametric shrinkage method
to estimate the dynamic covariance matrix. Section 3 gives the limit theorems of the developed
estimators. Section 4 introduces a modification technique to guarantee the positive definiteness
of the dynamic covariance matrix estimation, and discusses the choice of tuning parameter in the
generalised shrinkage method. Section 5 reports finite-sample simulation studies of our methodology.
Section 6 concludes the paper and discusses some possible extensions. The proofs of the main results

and some technical lemmas are given in the appendix. Throughout the paper, we use Ay, () and

Amax(+) to denote the minimum and maximum eigenvalues of a matrix; || - ||o to denote the operator
(or spectral) norm defined as [[Allo = sup, {|[Ax[ : [x|[ =1} for a ¢ x ¢ matrix A = (J),,,»
where ||x|| = (327, x?)l/ % is the Euclidean norm; and || - ||» to denote the Frobenius norm defined

1/2
as||Allp = < i1 i1 5%) = Tr'/2(AAT), where Tr(-) denotes the trace of a matrix.

2 Estimation methodology

In this section we introduce an estimation method for the dynamic covariance matrix via the MAMAR
approximation. It combines a semiparametric least squares method and the generalised shrinkage
technique to produce reliable large covariance matrix estimation. We start with an introduction of
the MAMAR approximation in our context and then derive the theoretically optimal weights for the

approximation.

2.1 Optimal weights in the MAMAR approximation

For each k = 0,1,...,p, let Ay = (a4r),., Pe a matrix consisting of the weights in (1.5) and
Cre(ur) = [cijn(ur)l,,, be a matrix consisting of the conditional means of X;,1,;X;41; (for given
Ui = ug) in (1.5). Then, the MAMAR approximation for Cy(u) can be written in matrix form as

Co(u) = Ao+ A1 ©Ci(ug) + -+ + Ay, ©Cp(uy) =: Ca(u), (2.1)

where @ denotes the Hadamard product. Similarly, we have the following MAMAR approximation
for Mo(u)
Mo(u) = By + Br © Mi(ur) + -+ + By © My (up) = Ma(u), (2.2)



where for k = 0,1,...,p, By = (bix,bok,-..,bax)" is the vector consisting of the weights in (1.4)
and My (u,) = [ma g (ug), mag(ug), . . . ,mdjk(uk)]T is the vector consisting of the conditional means
of Xi41, (for given Uy, = wy) in (1.4). Combining (2.1) and (2.2), we have the following MAMAR

approximation for 3g(u)

T

Eo(u) ~ .Ao + i.Ak ® Ck(uk) — BO + igk ® Mk(lbk) BO + in ® Mk(uk)
— Calw) = Ma(u)My(w) = Sa(u). (2.3)

The matrix 3 4(u) on the right hand side of (2.3) can be viewed as a semiparametric approximation
of ¥y(u), in which the weights a;;, and b;;, play an important role. These weights have to be
appropriately chosen in order to achieve optimal MAMAR approximation. We next derive the
theoretically optimal weights. For 1 <4, j < d, we may choose the optimal weights aj; ,, k =0,1,...,p,
so that they minimise

2

p
E Xt+1,iXt+1,j — G450 — E aij,kE(XtJrl,iXtJrl,letk)
k=1

Following standard calculations (c.f., Li, Linton and Lu, 2015), we have the following solution for the

theoretically optimal weights

(@ al,) = e Viexags o= (1 - i a;jvk> E(Xu X)), (2.4)
k=1
where Qyx ;; is a p x p matrix with the (k,{)-entry being
Wij kl = Cov [E(Xt+1,iXt+1,j’Utk>a E(XtJrl,iXtJrl,j‘Utl)] = Cov [Cij,k(Utk)7 Cz’j,l(Utl)] )
and Vxx ;; is a p-dimensional column vector with the k-th element being
Vijk = Cov [E<Xt+1,iXt+1,j’Utk); Xt+1,iXt+1,j] = Cov [Cij,k(Utk)aXt+1,iXt+1,j] = Var [Cij,k(Utk)] .

We thus can obtain the optimal weight matrix A, from aiir, k=0,1,...,p, and subsequently the

theoretically optimal MAMAR approximation to Co(u):

p
Colu) = A+ AL © Crluy). (2.5)
k=1



Similarly, we can derive the optimal weights b7, in the MAMAR approximation (1.4):

p
(b, bE,) = Q5 Vi, b = (1 -3 b;k> E(Xy), (2.6)
k=1

where Qx; is a p X p matrix with the (k,[)-entry being
Wik = Cov [E(Xts14|Uk), E(Xi414|Un)] = Cov [my x(Un), miy(Uy)]
and Vy; is a p-dimensional column vector with the k-th element being
Vik = Cov [E(Xey14|Uik), Xig1.4] = Cov [my x(Usk), Xes1.] = Var [my e (Us)] -

We can then obtain the optimal weight vector B; from bix, k =0,1,...,p, and consequently the
optimal MAMAR approximation to My(u):

p
My(u) = By + ) By © My(uy). (2.7)
k=1

Combining (2.3), (2.5) and (2.7), we obtain the optimal MAMAR approximation to ¥(u):
x * * x T
3a(u) = Cyu) = My(u) [MA(U>] (2.8)
The matrix X (u) serves as a proxy for 3g(u). Our aim is to consistently estimate 3 (u). This will
be done by a semiparametric shrinkage method.
2.2 Semiparametric shrinkage estimation

We next introduce a two-stage semiparametric method to estimate m{(u) and cgj(u), respectively.

Stage 1. As both m; ;(uy) and ¢;;x(ui) are univariate functions, they can be well estimated by the
kernel method, i.e.,

n—1 n—1
m e (ug) = [ZK <Utkh—_1wg> Xt+1,z‘] / [ZK (Utkh—_lwc)] , 1<k<p 1<i<d,

=1 =1
and
- Uy — u ! Uy — u
Cij(ur) = [ZK< tkh2 k) Xt+lth+1,j] / [ZK( tkhZ k)] , 1<k<p 1<4,j<d,
t=1 t=1



where K (-) is a kernel function, hy and hy are two bandwidths. Other nonparametric estimation
methods such as the local polynomial method (Fan and Gijbels, 1996) and the sieve method (Chen,
2007) are equally applicable here.

Stage 2. With the kernel estimates obtained in stage 1, obtain the following approximate linear

regression models:

p
Xip1i = big + Z biemik(U), 1<i<d, (2.9)
k=1
and »
Xie1i X1 ~ ao+ Y ayaliyn(Un), 1<i,j <d. (2.10)
k=1

Treating m; (Uw,) and ¢ x(Us,) as “regressors” and using the ordinary least squares, we may obtain
an estimate of the optimal weights defined in (2.4) and (2.6), i.e.,

n—1 D n—1

-~ N A N 1 N 1 R

(bi,la S ,bz',p> = Q3 Vi, big= ] E Xiy1,i — g bix (n —3 E mi,k;(Utk)> , o (211)
=1 k=1 =1

where ﬁxﬂ- is a p x p matrix with the (k,[)-entry being

n—1 n—1
-~ 1 ~c ~c ~c ~ 1 ~
Wikt = —— 2 mg (U )mi (Ug), M5 (Ui) = Mip(U) — 1 ;mi,k(Usk)7

and V x,i 18 a p-dimensional column vector with the k-th element being

n—1 n—1

1
“~C C (& _ .
Z mi,k(Utk)Xt-i-l,iv Xit1i = X1 — Z Xot14
s=1

-1
t=1 n =

1
n—1

and

n—1 p n—1
~ o~ T -1 <> ~ 1 —~ 1 ~
(@ij1s s @ijp) = Qxx i Vxxij, ijo = Y Xpp1iXiwrg— > i Cijre(Uu) | 5

n—1 n—1
t=1 k=1

where ﬁXX’ij is a p X p matrix with the (k,[)-entry being

—

3
|

—

1 n

n—1

Wijht = k(U )Cia(Un), - € (Uk) = Ciju(Unk) = —— > Cije(Ush),

t=1 s=1



and V xx,; 18 a p-dimensional column vector with the k-th element being

1 n—1 1 n—1
- & (U) XEy i C =X X — —— Xoi1:Xsi1
ijk n — 1 Z],k tk t“rl,(l,])’ t“rl,(l,]) t+1,2 t+17] n — 1 s+1,0 S+17]'
t=1 s=1

As a result, an estimate of o7;(u), the (i, j)-entry in X7 (u), can be obtained as

~ A~

05 (u) = () — my(u)m; (), (2.13)

where

p p
Cij(u) = Gio + Y GiguCijn(ur), Mi(w) =bio+ > bixiip(u).
k=1 k=1

A naive estimate, 3(u), of 'y(u) uses 0;j(u) directly as its entries, i.e.,

() = [60()] g -

Unfortunately, this matrix gives a poor estimation of 3y(u) when the dimension d is ultra large.
In the latter case, a commonly-used approach is to use a shrinkage method on f](u) so that very
small values of 7;;(u) are forced to zero. We follow the same approach and denote s,(-) a shrinkage
function that satisfies the following three conditions: (i) |s,(2)| < ||z]| for z € R (the real line); (ii)
sp(2) = 01if |2] < p; (ill) [s,(2) — 2| < p, where p is a tuning parameter. It is easy to show that some
commonly-used shrinkage methods including the hard thresholding, soft thresholding and SCAD

satisfy the above three conditions. Then define
0ij(u) = Spw) (035(u)), 1 <4,j <d, (2.14)

where p(u) is a variable tuning parameter which may depend on the value of conditioning variables.

Then we construct

B(w) = 05 ()] gyq (2.15)

as the final estimate of ¥;(u). The asymptotic properties of f](u) will be explored in Section 3 below.
Section 4.1 will introduce a modified version of ¥(u) to guarantee the positive definiteness of the

estimated covariance matrix.

3 Large sample theory

In this section we first state the regularity conditions required for establishing the limit theorems

of the large dynamic covariance matrix estimators developed in Section 2, and then present these
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theorems in Section 3.2.

3.1 Technical assumptions

Some of the assumptions presented below may not be the weakest possible, but they are imposed to

facilitate proofs of our limit theorems and can be relaxed at the cost of more lengthy proofs.

AsSUMPTION 1. (i) The process {(Xt, U) }+>1 is stationary and a-mixing dependent with the mixing
coefficient decaying to zero at a geometric rate, i.e., aj ~ c,¥* with 0 < v < 1 and ¢, being a

positive constant.

(ii) The variables X;, 1 < i < d, satisfy the following moment condition:

2
{Q?éE lexp{sX;}] <ex, 0<s< s, (3.1)

where cx and sy are two positive constants.

(iii) The conditioning variables U; have a compact support denoted by U = [[}_, Uy, where
Uy, = [ay, by| is the support of the k-th conditional variable Uy,. The marginal density functions,

fi(+), of Uy, 1 < k < p, are continuous and uniformly bounded away from zero on Uy, i.e.,

min  inf ug) > cr > 0.
1<k<p ap <up<by fk( k) =

In addition, the marginal density functions fi(:), 1 < k < p, have continuous derivatives up to

the second order.

ASSUMPTION 2. (i) The regression functions ¢;; x(-) and m; x(-) are continuous and uniformly bounded
over 1 <i,7 <dand 1<k <p. Furthermore, they have continuous and uniformly bounded

derivatives up to the second order.

(ii) Foreach i =1,...,d and j = 1,...,d, the p X p matrix Qxy,; defined in (2.4) is positive

definite and satisfies

0<ca, < 1éni,ij%d Amin (2xx,i5) < max, Amax(2x x,55) < Cayy < 00, (3.2)

The analogous condition also holds for the matrix Qx; defined in (2.6).

AssSuMPTION 3. (i) The kernel function K (-) is symmetric and Lipschitz continuous and has a
compact support, say [—1,1].

10



(il) The bandwidths hy and hy satisfy hy — 0 and hy — 0, and there exists 0 < ¢ < 1/2 so that

nl—th nl—?Lh2

L SN SLE T 3.3
log?(d V n) o log?(d V n) ° (3:3)

where z V y denotes the maximum of x and y.
(iii) The dimension, d, of X satisfies (dn) exp{—sn'} = o(1) for some 0 < s < sy, where ¢ is

defined as in Assumption 3(ii).

ASSUMPTION 4. The variable tuning parameter can be written as p(u) = My(u)7, 4, where My(u) is
positive and can be sufficiently large at each v € U with sup,, Mo(u) < oo, and

Tna = \/1og(d V n)/(nhy) + /log(d vV n)/(nhy) + h? 4 h2.

Most of the above assumptions are commonly used and can be found in some existing literature.
The stationarity and a-mixing dependence condition in Assumption 1(i) relaxes the restriction of
independent observations usually imposed in the literature on high-dimensional covariance matrix
estimation (c.f. Bickel and Levina, 2008a,b). For some classic vector time series processes such as
vector auto-regressive processes, it is easy to verify Assumption 1(i) under some mild conditions. It
is possible to allow the even more general setting of local stationarity, Vogt (2012), which includes
deterministic local trends, but for simplicity we have chosen not to go there. The moment condition
(3.1) is similar to those in Bickel and Levina (2008a,b) and Chen and Leng (2016), and can be replaced
by the weaker condition of E(|Xy|") for k > 2 sufficiently large if the dimension d diverges at a
polynomial rate of n. The restriction of the conditioning variables U; having a compact support in
Assumption 1(iii) is imposed mainly in order to facilitate the proofs of our asymptotic results and
can be removed by using an appropriate truncation technique on U; (c.f., Remark 1 in Chen et al,
2017). The smoothness condition on ¢;;(-) and m; x(-) in Assumption 2(i) is commonly used in kernel
smoothing, and it is relevant to asymptotic bias of the kernel estimators (c.f., Wand and Jones, 1995).
Assumption 2(ii) is crucial to the unique existence of optimal weights in the MAMAR approximation
of ¢};(-) and m{(-). Many commonly-used kernel functions, such as the uniform kernel and the
Epanechnikov kernel, all satisfy the conditions in Assumption 3(i). The conditions in Assumptions
3(ii) and (iii) indicate that the dimension d can be divergent at an exponential rate of n. For example,

~1/5 we may show that d can be divergent at a

when h; and ho have the well-known optimal rate of n
rate of exp{n¢} with 0 < ¢ < 1/5 while Assumptions 3(ii) and (iii) hold. Assumption 4 is critical to
ensure the validity of the shrinkage method, and Section 4.2 below will discuss how to select p(u) in

numerical studies.
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3.2 Asymptotic properties

In order to derive some sensible asymptotic results for the dynamic covariance matrix estimators
defined in Section 2.2, we extend the sparsity assumption in Bickel and Levina (2008a), Rothman,
Levina and Zhu (2009) and Cai and Liu (2011) and assume that X, (u) is approximately sparse
uniformly over u € U. Specifically, this means that X, (u) € Sa(q, ca, M, U) uniformly over u € U,

where

d
SA(q7 Cd,M*,Z/I) = {E(U),U eu ‘ SUPUz’i(u) S M* < 00, Supz |UZ](U)|q S Cd V1 S { S d} (34)

ueU ueU =1

with 0 < ¢ < 1. In particular, if ¢ =0, Sa(q, ca, My, U) becomes

d
S4(0,cq, My, U) = {E(u),u e ’ sup o (u) < M, < 00, supZ[(\Oij(uﬂ #0)<¢gV1<i< d} :

uel uel j=1

and we have X, (u) € Sa(0,cq, M,,U), the exact sparsity assumption, uniformly over u € U. The
above assumption is natural for nonparametric estimation of large covariance matrices (c.f., Chen,
Xu and Wu, 2013; Chen and Leng, 2016). Define Uy, = [[F_, Upn, with Uy, = [ag + hy, by, — hy] and
h, = h1 V hy. Without loss of generality, we assume that, for each 1 < k < p, all of the observations
Ue, 1 <t < n, are located in the intervals [ay + hy, by — h,] (otherwise a truncation technique can be
applied when constructing the semiparametric estimators defined in Section 2.2). Theorem 1 below
gives the uniform consistency for the semiparametric shrinkage estimator of the matrix 3’ (u) and its

mverse.

THEOREM 1. Suppose that Assumptions 1-4 are satisfied, p is fixed, and X4 (u) € Sa(q, ca, M,,U).
(i) For ¥(u), we have

sup ‘i(u) - E;(U)H = Op (cq - Ti;iq) , 0<¢<1, (3.5)
u€ly,, o
where 7,, 4 was defined in Assumption 4 and || - ||o denotes the operator norm.
(i) If, in addition, chrlL;iq = o(1) and
. . * > .
ig{ )\mm (EA(U)) ZCxn > 07 (3 6)
we have
sup [|557" (w) = 3 ()| = 0p (armig) . 0<a< 1. (3.7)

uEU}L* o
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The main reason for considering the uniform consistency only over the set U}, rather than the
whole support U of the conditioning variables is to avoid the boundary effect in kernel estimation
(c.f., Fan and Gijbels, 1996). The uniform convergence rate in the above theorem is quite general. Its
dependence on the sparsity structure of the matrix ¥ (u) is shown through ¢4, which controls the
sparsity level in the covariance matrix and may be divergent to infinity. If we assume that hy = hy = h
and h? = O <\/log(d Y n)/(nh)), Tn.a can be simplified to /log(d V n)/(nh). Then we may find that

our uniform convergence rate is comparable to the rate derived by Bickel and Levina (2008a) and

Rothman, Levina and Zhu (2009) when we treat nh as the “effective” sample size in nonparametric
kernel-based estimation. In the special case of ¢ = 0 and fixed d, log(d V n) = logn and it would be

reasonable to assume that ¢, is fixed. Consequently, the rate in (3.5) and (3.7) reduces to

Op(ra) = Op (Viogn/(nh1) + Vlog n/(nhz) + 13 + 13)

the same as the uniform convergence rate for nonparametric kernel-based estimators (c.f. Bosq, 1998).

If we assume that the true dynamic covariance matrix ¥o(u) belongs to Sa(q, cq, My, U), and
|, = O(by) with b, — 0
and maxi<; j<qSUpP,cyy ‘O'Z-} —0i(u ’ = O(7Tyn.4), by Theorem 1 and its proof in Appendix A, we

3, (u) is sufficiently close to 20( ) in the sense that sup,c;, || X (v) — Zo(w)

may show that

|80 - =], < s B0 =S+ s 1240 = Sotwll
=Op (cq- 7' )40 (by) =0p (cq- Td+b) (3.8)

The following theorem shows the sparsity property of the semiparametric shrinkage estimator
defined in Section 2.2.

THEOREM 2. Suppose that Assumptions 1-4 are satisfied and p is fixed. For any u € Uy, and
1 <i,j <d, if of;(u) = 0, we must have 6;;(u) = 0 with probability approaching one.

4 Modified dynamic covariance matrix estimation and vari-
able tuning parameter selection
In this section we first modify the semiparametric covariance matrix estimator developed in Section

2.2 to ensure the positive definiteness of the estimated matrix in finite samples, and then discuss the

choice of the variable tuning parameter p(u) in the generalised shrinkage method.
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4.1 Modified dynamic covariance matrix estimation

In practical application, the estimated covariance matrix f](u) constructed in Section 2.2 is not
necessarily positive definite uniformly on ¢. To fix this problem, we next introduce a simple
modification of our estimation method. Let Xmin (u) be the smallest eigenvalue of i(u) and m,, be a
tuning parameter which tends to zero as the sample size n goes to infinity. As in Chen and Leng
(2016), a corrected version of X (u) is defined by

So(u) = S(u) + [mn, — )\min(u)] Liva, (4.1)

where I4y4 is the d x d identity matrix. The above correction guarantees that the smallest eigenvalue
of 3¢(u) is uniformly larger than zero, indicating that X (u) is uniformly positive definite. Hence,
we may use X (u) as an alternative estimate of 3, (1) when Ay (u) is negative. We thus define the
following modified version of 3(u):

Su(w) = () - I (Anin() > 0) + e (u) - T (Ain(w) < 0)

)
S(u) + [mn - Xmm(uﬂ Lia- I (Xmm(u> < o) , (4.2)

where I(-) is an indicator function. Note that when Xmin(u) < 0 for u € Uy, , by Weyl’s inequality, we

have
Rain(@)] < [Rain() = Auin(Ei (@) < sup || Sw) = =) = Op (cav i)
’LLEM}L*
Hence,
sup Hf]M(u) — E;(U)H < sup f)(u) — Z;(U)H + sup Xmin(u)‘ +m, = Op (cd . Tijﬂ + mn) .
’U,Euh* o UEZ/{h* o UEM}L* ’

(4.3)
By choosing m,, = O(chi;lq), we obtain the same uniform convergence rate for 3/ (u) as that for 3 (u)
in Theorem 1. Glad, Hjort and Ushakov (2003) consider a similar modification for density estimators
that are not bona fide densities; indeed they show that the correction improves the performance

according to integrated mean squared error.

4.2 Choice of the variable tuning parameter

For any shrinkage method for covariance matrix estimation, it is essential to choose an appropriate
tuning parameter. Since the variables (X3, U;) are allowed to be serially correlated over time, the
tuning parameter selection criteria proposed in Bickel and Levina (2008b) or Chen and Leng (2016)

for independent data may no longer work well in the numerical studies. We hence need to modify
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their method for our own setting, which is described as follows.

STEP 1: For given u € U, use a rolling window of size |n/2] + 10 and split data within each
window into two samples of sizes n; = {g(l - m) and ny = [n/2] — ny by leaving out 10

observations in-between them, where n is the sample size and |-| denotes the floor function.

STEP 2: Obtain 3 p(w),1,6(w) (the semiparametric shrinkage estimate of the dynamic covariance matrix
from the first sample of the k-th rolling window) constructed as in (2.15), and f)gk(u) (the
naive estimate without the general shrinkage technique from the second sample of the k-th
rolling window), k =1,..., N with N = [n/20].

STEP 3: Choose the tuning parameter p(u) so that it minimises

2

N
Z HEP(U),Lk(U) - Ezk(U)HF (4.4)
k=1

Note that, by leaving out 10 observations inbetween, the correlation between the two samples
within each rolling window is expected to be negligible for weekly dependent time series data. Our
simulation studies in Section 5 show that the above selection method has reasonably good numerical

performance.

5 Simulation studies

In this section, we conduct some simulation experiments to examine the finite sample performance
of the proposed large dynamic covariance matrix estimation methods. In order to provide a full
performance study, we consider three different sparsity patterns of the underlying covariance matrix,
i.e., the dynamic banded structure, the dynamic AR(1) structure, and the varying-sparsity structure.
These are the multivariate conditioning variables extension of the covariance models considered in
Examples 1-3 of Chen and Leng (2016). To measure estimation accuracy, we consider both the
operator and Frobenius losses, i.c., | Zo(u) — X(u)|lo and || Zo(u) — 2(u)||p, for an estimate 3 (u) at
a point u. We compare the accuracy of our semiparametric shrinkage estimation defined in (2.15)
with that of the generalised thresholding of the sample covariance matrix (which treats the covariance
matrix as static). Note that the proposed method sometimes produces covariance matrices that are
not positive definite, in which case the modification in (4.2) can be used. Hence, we also report the
accuracy of the modified dynamic covariance matrix estimation. Four commonly used shrinkage
methods — the hard thresholding, soft thresholding, adaptive LASSO (A. LASSO) and Smoothly
Clipped Absolute Deviation (SCAD) — are considered in the simulation. Throughout this section, the
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dimension of X; takes one of the values of 100, 200, and 300, and the dimension of the conditioning

vector Uy is set to p = 3. The sample size is fixed at n = 200.

EXAMPLE 5.1. (Dynamic banded covariance matrix) The conditioning variables U; = (Uyy, Usa, Usz)'

are drawn from a VAR(1) process:
Ut :O.5Ut_1+'l/t, t= 1,...,77,, (51)

where v; are i.i.d. three-dimensional random vectors following the N(0, I3x3) distribution. For each
t=1,...,n, the d-dimensional vector X; is generated from the multivariate Gaussian distribution
N(0, Xy(U;)), where

Zo(Ut) = {U%<Ut>}d><d with O'%(Ut) = 0.08§ij(Ut1) -+ 0-04§ij(Ut2) -+ 0'04§ij(Ut3) (52)

and
Gj(v) = exp(v/2){1(i = j) + [p(v) + 0.11(Ji = j| = 1) + ¢(v)I(|i — j| = 2)}
for any v € R, in which ¢(v) is the probability density function of the standard normal distribution.

The dynamic covariance matrix is estimated at the following three points: (—0.5,—0.5, —0.5),
(0,0,0), and (0.5,0.5,0.5). The average operator and Frobenius losses over 30 replications and
their standard errors (in parenthesises) are summarised in Tables 5.1(a)-5.1(c). In these tables,
“Static” refers to the estimation by treating the underlying covariance matrix as static, “Dynamic”
refers to the estimation by using our semiparametric shrinkage method detailed in Section 2, and
“Modified Dynamic” refers to the modified dynamic covariance matrix estimation defined in (4.2). In
addition, “Hard”, “Soft”, “A. LASSO” and “SCAD” in the tables represent the hard thresholding,
soft thresholding, adaptive LASSO and the smoothly clipped absolute deviation, respectively.

The results in Tables 5.1(a)-5.1(c) reveal that at the point u = (—0.5,—0.5,—0.5), the three
methods are comparable in their estimation accuracy. However, at the points v = (0,0,0) and
u = (0.5,0.5,0.5), our semiparametric dynamic covariance matrix estimation via the proposed
MAMAR approximation and its modified version outperform the static covariance matrix estimation
in almost all thresholding methods. The modified dynamic estimator has similar performance to its

non-modified estimator.

EXAMPLE 5.2. (Dynamic non-sparse covariance matrix) The specifications of the data generating
process are the same as those in Example 5.1, except that the dynamic covariance matrix ¥o(U;) is
non-sparse. Specifically, the function ¢;(-) in (5.2) is assumed to follow the covariance pattern of an
AR(1) process:

G (v) = exp(v/2)[¢(v)]
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Table 5.1(a): Average (standard error) losses at point (—0.5, —0.5,—0.5) for Example 5.1

operator loss

Frobenius loss

Method p =100 p = 200 p = 300 p =100 p =200 p = 300
Hard 0.221(0.017) | 0.227(0.014) | 0.225(0.012) | 1.195(0.049) | 1.711(0.066) | 2.074(0.063)
Siatic | Soft 0.313(0.059) | 0.250(0.062) | 0.241(0.007) | 1.082(0.095) | 1.504(0.081) | 1.845(0.031)
A. LASSO | 0.185(0.009) | 0.193(0.010) | 0.200(0.009) | 1.062(0.030) | 1.502(0.037) | 1.820(0.027)
SCAD 0.250(0.084) | 0.231(0.010) | 0.239(0.008) | 1.089(0.096) | 1.499(0.011) | 1.851(0.024)
Hard 0.201(0.041) | 0.219(0.052) | 0.213(0.047) | 0.970(0.152) | 1.482(0.329) | 1.786(0.350)
Denamie SOft 0.255(0.008) | 0.256(0.007) | 0.260(0.014) | 1.088(0.025) | 1.545(0.032) | 1.944(0.162)
YRAIC A LASSO | 0.225(0.014) | 0.232(0.022) | 0.232(0.020) | 0.978(0.022) | 1.429(0.148) | 1.763(0.193)
SCAD 0.250(0.010) | 0.252(0.009) | 0.257(0.015) | 1.066(0.027) | 1.515(0.035) | 1.912(0.169)
Hard 0.251(0.021) | 0.252(0.020) | 0.259(0.030) | 1.414(0.134) | 1.972(0.253) | 2.451(0.408)
Modified ~ Soft 0.187(0.017) | 0.183(0.007) | 0.187(0.010) | 1.032(0.100) | 1.466(0.075) | 1.792(0.057)
Dynamic  A. LASSO | 0.189(0.036) | 0.187(0.023) | 0.187(0.017) | 1.112(0.227) | 1.561(0.189) | 1.896(0.168)
SCAD 0.190(0.021) | 0.188(0.012) | 0.190(0.009) | 1.084(0.118) | 1.547(0.085) | 1.869(0.064)

Table 5.1(b): Average (standard error) losses at point (0,0,0) for Example 5.1

operator loss

Frobenius loss

Method p =100 p = 200 p = 300 p =100 p =200 p = 300
Hard 0.262(0.010) | 0.266(0.008) | 0.270(0.007) | 1.431(0.016) | 2.067(0.025) | 2.537(0.019)
Static Soft 0.295(0.042) | 0.358(0.018) | 0.361(0.007) | 1.173(0.182) | 2.180(0.112) | 2.752(0.048)
A. LASSO | 0.302(0.012) | 0.312(0.010) | 0.319(0.009) | 1.444(0.011) | 2.067(0.011) | 2.549.(0.019)
SCAD 0.340(0.035) | 0.350(0.011) | 0.359(0.008) | 1.457(0.122) | 2.187(0.044) | 2.730(0.053)
Hard 0.231(0.019) | 0.244(0.012) | 0.250(0.008) | 1.131(0.039) | 1.617(0.039) | 2.049(0.040)
Dynamic Soft 0.321(0.007) | 0.325(0.006) | 0.329(0.005) | 1.396(0.020) | 1.986(0.029) | 2.465(0.023)
A. LASSO | 0.277(0.009) | 0.283(0.007) | 0.286(0.005) | 1.300(0.021) | 1.853(0.030) | 2.304(0.022)
SCAD 0.291(0.010) | 0.297(0.009) | 0.304(0.007) | 1.376(0.014) | 1.958(0.018) | 2.422(0.015)
Hard 0.264(0.018) | 0.274(0.012) | 0.290(0.016) | 1.416(0.060) | 2.072(0.072) | 2.634(0.095)
Modified  Soft 0.295(0.009) | 0.295(0.009) | 0.299(0.008) | 1.358(0.015) | 1.930(0.022) | 2.388(0.017)
Dynamic A. LASSO | 0.271(0.013) | 0.273(0.014) | 0.277(0.009) | 1.309(0.031) | 1.871(0.043) | 2.318(0.019)
SCAD 0.278(0.013) | 0.276(0.013) | 0.280(0.012) | 1.388(0.024) | 1.993(0.035) | 2.459(0.039)
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Table 5.1(c): Average (standard error) losses at point (0.5,0.5,0.5) for Example 5.1

operator loss Frobenius loss
Method p =100 p =200 p =300 p =100 p =200 p =300
Hard 0.349(0.010) | 0.354(0.008) | 0.358(0.007) | 1.613(0.016) | 2.333(0.024) | 2.880(0.025)
Static Soft 0.326(0.042) | 0.437(0.021) | 0.449(0.007) | 1.348(0.182) | 2.718(0.209) | 3.459(0.066)
A. LASSO | 0.390(0.012) | 0.399(0.010) | 0.407(0.009) | 1.735(0.011) | 2.497(0.046) | 3.103(0.053)
SCAD 0.408(0.035) | 0.438(0.011) | 0.447(0.008) | 1.763(0.122) | 2.721(0.077) | 3.415(0.081)
Hard 0.318(0.019) | 0.323(0.011) | 0.337(0.040) | 1.691(0.039) | 2.400(0.018) | 2.959(0.033)
Dynamic Soft 0.358(0.007) | 0.366(0.009) | 0.389(0.067) | 1.523(0.020) | 2.172(0.035) | 2.748(0.159)
A. LASSO | 0.317(0.009) | 0.330(0.025) | 0.357(0.062) | 1.449(0.021) | 2.053(0.088) | 2.607(0.181)
SCAD 0.316(0.010) | 0.326(0.016) | 0.361(0.092) | 1.522(0.014) | 2.171(0.031) | 2.753(0.193)
Hard 0.325(0.018) | 0.326(0.024) | 0.350(0.064) | 1.726(0.060) | 2.456(0.085) | 3.098(0.294)
Modified  Soft 0.348(0.009) | 0.351(0.009) | 0.371(0.082) | 1.506(0.015) | 2.137(0.036) | 2.676(0.092)
Dynamic A. LASSO | 0.314(0.013) | 0.333(0.042) | 0.359(0.093) | 1.458(0.031) | 2.114(0.110) | 2.719(0.244)
SCAD 0.333(0.013) | 0.334(0.019) | 0.360(0.090) | 1.513(0.024) | 2.160(0.038) | 2.737(0.110)

for any v € R. The dynamic covariance matrix is again estimated at the points (—0.5, —0.5, —0.5),
(0,0,0), (0.5,0.5,0.5), and the average operator and Frobenius losses are summarised in Tables 5.2(a)—
5.2(c). The same conclusion as that from Example 5.1 can be observed. The proposed semiparametric

shrinkage method can estimate non-sparse dynamic covariance matrices with satisfactory accuracy.

EXAMPLE 5.3. (Dynamic covariance matrix with varying sparsity) Data on U, and X, are generated
in the same way as in Example 5.1 except that the dynamic covariance matrix ¥q(U;) has varying

sparsity patterns. Specifically, the function ¢;;(-) in (5.2) is defined as

Gij(v) = exp(v/2){I(i = j) + 0.5exp [ — 0'7521)_—(2.35()).25)2}[(—0.49 <v<099)I(li—j|=1)
(v — 0.65)?

+0.4exp [ — 1(0.31 < v < 0.99)(|i - j| = 2)] }

0.352 — (v — 0.65)2

for any v € R. The dynamic covariance matrix is estimated at the following three points: (—0.6, —0.6, —0.6),
(0,0,0), (0.6,0.6,0.6), where the corresponding covariance matrices have different sparsity structures.
The average operator and Frobenius losses are presented in Tables 5.3(a)-5.3(c), from which the same

conclusion as that from Example 5.1 can be observed.

6 Conclusion and extension

In this paper we estimate the ultra large dynamic covariance matrix for high-dimensional time series
data where the conditioning random variables are multivariate. Through the semiparametric MAMAR

approximation to each entry in the underlying dynamic covariance matrix, we successfully circumvent
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Table 5.2(a): Average (standard error) losses at point (—0.5, —0.5, —0.5) for Example 5.2

operator loss

Frobenius loss

Method p = 100 p =200 p =300 p =100 p = 200 p =300
Hard 0.165(0.019) | 0.173(0.017) | 0.174(0.019) | 0.932(0.055) | 1.330(0.082) | 1.640(0.109)
Static Soft 0.235(0.077) | 0.171(0.008) | 0.174(0.008) | 0.891(0.195) | 1.041(0.034) | 1.291(0.045)
A. LASSO | 0.135(0.011) | 0.140(0.008) | 0.142(0.009) | 0.753(0.035) | 1.054(0.047) | 1.285(0.063)
SCAD 0.159(0.010) | 0.168(0.010) | 0.172(0.010) | 0.736(0.015) | 1.056(0.020) | 1.307(0.034)
Hard 0.141(0.033) | 0.149(0.032) | 0.171(0.073) | 0.721(0.143) | 1.015(0.092) | 1.340(0.333)
Dvnamic  SOft 0.191(0.006) | 0.193(0.006) | 0.206(0.049) | 0.831(0.034) | 1.165(0.036) | 1.464(0.049)
YRAIC A LASSO | 0.162(0.009) | 0.164(0.010) | 0.192(0.096) | 0.704(0.022) | 0.992(0.024) | 1.272(0.172)
SCAD 0.186(0.008) | 0.188(0.008) | 0.204(0.050) | 0.804(0.039) | 1.124(0.043) | 1.421(0.056)
Hard 0.174(0.037) | 0.197(0.044) | 0.216(0.103) | 0.978(0.252) | 1.520(0.357) | 2.065(1.258)
Modified ~ Soft 0.127(0.010) | 0.131(0.012) | 0.146(0.072) | 0.717(0.039) | 1.037(0.080) | 1.514(0.988)
Dynamic A. LASSO | 0.135(0.020) | 0.140(0.026) | 0.180(0.130) | 0.785(0.091) | 1.152(0.182) | 1.873(1.792)
SCAD 0.146(0.021) | 0.154(0.024) | 0.177(0.077) | 0.784(0.051) | 1.142(0.098) | 1.628(1.000)

Table 5.2(b): Average (standard error) losses at point (0,0,0) for Example 5.2

operator loss

Frobenius loss

Method p =100 p = 200 p = 300 p =100 p =200 p = 300
Hard 0.191(0.007) | 0.193(0.008) | 0.194(0.010) | 1.035(0.022) | 1.474(0.033) | 1.813(0.050)
Static Soft 0.271(0.023) | 0.280(0.008) | 0.283(0.008) | 1.088(0.066) | 1.650(0.057) | 2.046(0.073)
A. LASSO | 0.230(0.009) | 0.238(0.011) | 0.240(0.010) | 1.014(0.010) | 1.450(0.017) | 1.785(0.024)
SCAD 0.264(0.010) | 0.276(0.011) | 0.280(0.010) | 1.104(0.038) | 1.618(0.063) | 2.016(0.790)
Hard 0.189(0.006) | 0.193(0.008) | 0.196(0.006) | 0.968(0.017) | 1.372(0.020) | 1.712(0.027)
Dynamic Soft 0.253(0.005) | 0.255(0.005) | 0.258(0.004) | 1.048(0.019) | 1.475(0.017) | 1.833(0.020)
A. LASSO | 0.213(0.005) | 0.215(0.005) | 0.218(0.004) | 0.980(0.008) | 1.387(0.009) | 1.713(0.006)
SCAD 0.224(0.008) | 0.226(0.008) | 0.233(0.007) | 1.016(0.010) | 1.438(0.009) | 1.771(0.008)
Hard 0.184(0.013) | 0.194(0.018) | 0.203(0.025) | 1.026(0.044) | 1.517(0.060) | 1.884(0.144)
Modified  Soft 0.230(0.007) | 0.230(0.006) | 0.227(0.007) | 0.993(0.008) | 1.401(0.009) | 1.723(0.009)
Dynamic A. LASSO | 0.223(0.008) | 0.223(0.007) | 0.219(0.009) | 0.982(0.010) | 1.387(0.010) | 1.719(0.017)
SCAD 0.209(0.011) | 0.210(0.008) | 0.208(0.008) | 1.030(0.023) | 1.467(0.028) | 1.824(0.046)
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Table 5.2(c): Average (standard error) losses at point (0.5,0.5,0.5) for Example 5.2

operator loss

Frobenius loss

Method p = 100 p = 200 p =300 p =100 p = 200 p =300
Hard 0.248(0.007) | 0.250(0.008) | 0.249(0.008) | 1.119(0.013) | 1.588(0.018) | 1.948(0.018)
Siatic | Soft 0.293(0.038) | 0.337(0.008) | 0.340(0.008) | 1.296(0.188) | 2.159(0.078) | 2.676(0.101)
A. LASSO | 0.286(0.009) | 0.294(0.011) | 0.297(0.011) | 1.239(0.040) | 1.788(0.064) | 2.212(0.082)
SCAD 0.321(0.010) | 0.333(0.010) | 0.337(0.010) | 1.416(0.067) | 2.092(0.101) | 2.614(0.126)
Hard 0.219(0.026) | 0.233(0.025) | 0.241(0.037) | 1.168(0.023) | 1.664(0.025) | 2.037(0.030)
Denamie SOft 0.269(0.006) | 0.275(0.007) | 0.280(0.015) | 1.147(0.024) | 1.623(0.027) | 2.022(0.020)
YHAIE A TASSO | 0.241(0.041) | 0.270(0.054) | 0.299(0.080) | 1.106(0.048) | 1.595(0.078) | 1.992(0.090)
SCAD 0.233(0.029) | 0.248(0.028) | 0.264(0.040) | 1.138(0.027) | 1.619(0.036) | 2.008(0.038)
Hard 0.257(0.020) | 0.262(0.020) | 0.262(0.023) | 1.168(0.027) | 1.652(0.045) | 2.017(0.043)
Modified ~ Soft 0.266(0.010) | 0.265(0.013) | 0.269(0.024) | 1.137(0.028) | 1.594(0.032) | 1.963(0.031)
Dynamic A. LASSO | 0.259(0.038) | 0.272(0.057) | 0.310(0.098) | 1.118(0.043) | 1.603(0.111) | 2.034(0.190)
SCAD 0.246(0.022) | 0.254(0.025) | 0.260(0.036) | 1.130(0.030) | 1.622(0.068) | 2.005(0.036)

Table 5.3(a): Average (standard error) losses at point (—0.6,—0.6,—0.6) for Example 5.3

operator loss

Frobenius loss

Method p =100 p = 200 p = 300 p =100 p =200 p = 300
Hard 0.123(0.018) | 0.132(0.017) | 0.134(0.016) | 0.721(0.097) | 1.021(0.119) | 1.234(0.140)
Static Soft 0.132(0.119) | 0.070(0.008) | 0.075(0.009) | 0.478(0.394) | 0.399(0.061) | 0.532(0.096)
A. LASSO | 0.096(0.020) | 0.100(0.015) | 0.102(0.018) | 0.412(0.101) | 0.535(0.117) | 0.608(0.117)
SCAD 0.090(0.027) | 0.091(0.016) | 0.094(0.017) | 0.332(0.064) | 0.467(0.037) | 0.582(0.066)
Hard 0.107(0.030) | 0.115(0.013) | 0.105(0.022) | 0.503(0.360) | 0.759(0.506) | 0.935(0.731)
Dynamic Soft 0.103(0.015) | 0.115(0.025) | 0.111(0.019) | 0.547(0.053) | 0.841(0.222) | 1.033(0.268)
A. LASSO | 0.094(0.026) | 0.112(0.042) | 0.100(0.022) | 0.398(0.237) | 0.554(0.292) | 0.796(0.530)
SCAD 0.103(0.015) | 0.115(0.025) | 0.111(0.019) | 0.519(0.064) | 0.808(0.234) | 0.996(0.281)
Hard 0.133(0.076) | 0.147(0.064) | 0.114(0.067) | 0.613(0.406) | 1.003(0.448) | 0.868(0.562)
Modified  Soft 0.089(0.024) | 0.100(0.033) | 0.099(0.029) | 0.403(0.127) | 0.681(0.332) | 0.759(0.302)
Dynamic A. LASSO | 0.115(0.040) | 0.140(0.055) | 0.121(0.033) | 0.563(0.242) | 1.054(0.584) | 0.956(0.411)
SCAD 0.125(0.030) | 0.136(0.041) | 0.135(0.038) | 0.510(0.128) | 0.816(0.339) | 0.903(0.314)
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Table 5.3(b): Average (standard error) losses at point (0,0,0) for Example 5.3

operator loss

Frobenius loss

Method p =100 p =200 p =300 p =100 p = 200 p =300
Hard 0.184(0.013) | 0.188(0.010) | 0.189(0.010) | 1.054(0.031) | 1.494(0.037) | 1.827(0.037)
Static Soft 0.230(0.041) | 0.218(0.009) | 0.223(0.008) | 1.154(0.048) | 1.670(0.056) | 2.084(0.074)
A. LASSO | 0.171(0.008) | 0.180(0.010) | 0.184(0.010) | 1.030(0.008) | 1.471(0.015) | 1.814(0.035)
SCAD 0.203(0.011) | 0.216(0.010) | 0.222(0.009) | 1.117(0.038) | 1.639(0.061) | 2.055(0.082)
Hard 0.188(0.015) | 0.198(0.015) | 0.206(0.012) | 1.042(0.017) | 1.474(0.017) | 1.818(0.019)
Dynamic  SOff 0.190(0.004) | 0.195(0.005) | 0.196(0.005) | 1.070(0.013) | 1.525(0.020) | 1.875(0.021)
A. LASSO | 0.164(0.007) | 0.168(0.006) | 0.170(0.007) | 1.019(0.007) | 1.443(0.007) | 1.772(0.007)
SCAD 0.175(0.008) | 0.181(0.006) | 0.183(0.006) | 1.043(0.009) | 1.480(0.010) | 1.817(0.013)
Hard 0.176(0.018) | 0.193(0.023) | 0.200(0.023) | 1.026(0.029) | 1.470(0.054) | 1.816(0.065)
Modified ~ Soft 0.170(0.006) | 0.169(0.006) | 0.169(0.007) | 1.025(0.009) | 1.445(0.008) | 1.768(0.008)
Dynamic A. LASSO | 0.167(0.005) | 0.168(0.006) | 0.172(0.010) | 1.022(0.008) | 1.444(0.006) | 1.776(0.012)
SCAD 0.182(0.012) | 0.193(0.010) | 0.204(0.014) | 1.051(0.017) | 1.505(0.028) | 1.872(0.048)

Table 5.3(c): Average (standard error) losses at point (0.6,0.6,0.6) for Example 5.3

operator loss

Frobenius loss

Method p =100 p = 200 p = 300 p =100 p =200 p = 300
Hard 0.365(0.009) | 0.369(0.009) | 0.370(0.008) | 1.689(0.013) | 2.398(0.017) | 2.942(0.025)
Static Soft 0.430(0.028) | 0.457(0.009) | 0.461(0.008) | 1.918(0.129) | 2.875(0.066) | 3.565(0.082)
A. LASSO | 0.403(0.011) | 0.413(0.011) | 0.419(0.011) | 1.789(0.037) | 2.569(0.052) | 3.180(0.072)
SCAD 0.437(0.013) | 0.452(0.012) | 0.459(0.010) | 1.931(0.065) | 2.818(0.085) | 3.516(0.100)
Hard 0.336(0.071) | 0.338(0.021) | 0.362(0.104) | 1.720(0.029) | 2.439(0.028) | 2.996(0.047)
Dynamic Soft 0.386(0.023) | 0.395(0.018) | 0.405(0.045) | 1.727(0.017) | 2.492(0.074) | 3.079(0.091)
A. LASSO | 0.362(0.027) | 0.382(0.027) | 0.391(0.026) | 1.726(0.029) | 2.465(0.037) | 3.046(0.041)
SCAD 0.342(0.053) | 0.360(0.034) | 0.384(0.076) | 1.722(0.024) | 2.475(0.075) | 3.072(0.125)
Hard 0.388(0.063) | 0.373(0.015) | 0.410(0.147) | 1.733(0.033) | 2.459(0.116) | 3.124(0.599)
Modified  Soft 0.385(0.024) | 0.379(0.009) | 0.398(0.060) | 1.727(0.022) | 2.441(0.017) | 3.022(0.044)
Dynamic A. LASSO | 0.373(0.020) | 0.369(0.034) | 0.369(0.039) | 1.729(0.019) | 2.462(0.035) | 3.018(0.058)
SCAD 0.363(0.046) | 0.363(0.020) | 0.383(0.073) | 1.716(0.021) | 2.454(0.042) | 3.033(0.061)
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the curse of dimensionality problem in multivariate nonparametric estimation. The subsequent two-
stage semiparametric estimation method, combined with the general shrinkage technique commonly
used in high-dimensional data analysis, produces reliable dynamic covariance matrix estimation.
Under some mild conditions such as the approximate sparsity assumption, the developed covariance
matrix estimation is proved to be uniformly consistent with convergence rates comparable to those
obtained in the literature. In addition, a modified version of the semiparametric dynamic covariance
matrix estimation is introduced to ensure that the estimated covariance matrix is positive definite.
Furthermore, a new selection criterion to determine the optimal local tuning parameter is provided
to implement the proposed semiparametric large covariance matrix estimation for high-dimensional
weakly dependent time series data. Extensive simulation studies conducted in Section 5 show that

the proposed approaches have reliable numerical performance.

In the present paper, we limit attention to the case where the number of conditioning variables is
fixed. However, it is often not uncommon to have a very large number of conditioning variables in
practice. In this latter case, a direct application of the MAMAR approximation and the semiparametric
method proposed in Section 2.2 may result in poor and unstable matrix estimation results. Motivated
by a recent paper by Chen et al (2017) on high-dimensional MAMAR method, we can circumvent this
problem by assuming that the number of conditioning variables which make “significant” contribution
to estimating joint regression functions, m{(u) and cf;(u), in (1.4) and (1.5) is relatively small, i.e., for
each ¢ and j, when p is divergent, the number of nonzero weights b; , and a;;x, 1 < k < p, is relatively
small. This makes equations (1.4) and (1.5) fall into the classic sparsity framework commonly used in
high-dimensional variable or feature selection literature. To remove the insignificant conditioning
variables, we combine the penalisation and MAMAR techniques when estimating mj (u) and c;(u).

Specifically, for each 1 <4 < d, to estimate (b,:-‘,l, . ,bzp)T, we define the penalised objective function:

1

n

Qi(bir, ... bip) = Xeoi— sz vy (Un) | + anAl 16 1)), (6.1)

t=1 k=1
where X¢,1 ;= Xerri — =5 oot Xowr, M5 (Un) = i (Ua) — =25 07 Mir(Usk), and py, () is a
penalty function with a tuning parameter A;. The solution to the minimisation of Q;(b;1,...,b;,)

is the penalised estimator of the optimal weights and is denoted by (bl Tyoos 1_7- »)"- The subsequent
intercept estimate, denoted by b; 0, can be calculated in the same way as bZ o in (2.11), but with b, 4

ar; )T, we define

replaced by bi,k, k=1,...,p. Similarly, for each 1 <1,j < d, to estimate (aij,l, NG

the penalised objective function:

n— p

1
Qij(ai, - -, aijp) = X ) — D ik (Usn) +nsz2 (laijkl), (6.2)

t=1 k=1
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where X¢y o0 = XepniXer1y — 75 onmy XevriXerngs E5(Un) = Ca(Un) — 725 Y00) Gjn(Usak),
and p,,(+) is a penalty function with a tuning parameter ;. The solution to the minimisation of
Q,j(aij1, ..., aijp) is denoted by (a1, ... ,aijyp)T, and the intercept estimate, @;;(, can be obtained
accordingly by replacing a;;, with @;;x, K =1,...,p, on the right hand side of the equation for @;;
n (2.12). By Theorem 2(ii) in Chen et al (2017), under the sparsity assumption and some technical
conditions, the zero optimal weights can be estimated exactly as zeros with probability approaching
one. After obtaining BM and @;;, 0 < k < p, we can calculate the penalised estimates of the optimal

MAMAR approximation to ¢;(u) and mj(u) as

p p
Cij(u) = o + Y Gijulijn(ur), Mi(w) =big+ > bixiin(up),
k=1 k=1

and subsequently the penalised estimate of O'?j (u) as
ij(u) = Cij(u) — m;(u)m; (u). (6.3)

Finally, we apply the shrinkage technique detailed in Section 2.2 to ;;(u) to obtain the estimate
of the dynamic covariance matrix. Their asymptotic property and numerical performance will be

explored in a separate project.

Another feasible way to deal with high-dimensional conditioning variables is to impose the so-called
approximate factor modelling structure on U; (Bai and Ng, 2002). Instead of directly using U; whose
size can be very large, we may use the relatively low-dimensional latent common factors F; (c.f., Stock
and Watson, 2002), which can be estimated (up to a possible rotation) by some classic approaches like
the principal component analysis and maximum likelihood method. As a result, our semiparametric
dynamic covariance matrix estimation method may be still applicable after replacing U, by the

estimates of F}.

Appendix A: Proofs of the main limit theorems

In this appendix, we provide the detailed proofs of the main asymptotic theorems. We start with

some technical lemmas whose proofs will be given in Appendix B.

LEMMA 1. Suppose that Assumptions 1, 2(i) and 3 in Section 3.1 are satisfied. Then we have

max max sup | g (ug) — myp(ug)| = Op <\/10g(d v n)/(nhy) + hf) : (A.1)

1<i<d 1<k<p ap+hi<up<bp—h
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and

max max sup i (ur) — ciju(ug)| = Op <\/log(d Vv n)/(nhsy) + h;) , (A.2)

1<6,j<d1<k<p ) 4 b, <up<by—hs

where h, = hy V hs.

LEMMA 2. Suppose that Assumptions 1-3 in Section 3.1 are satisfied. Then we have

p
1%3@]; ”a}j,k. - ajj7k| =0Op <\/10g(d vVn)/n+ \/log(d Vv n)/(nhs) + hg) , (A.3)
and
max Z,k —bix| =Op <\/10g(d v n)/n++/log(d Vv n)/(nhy) + hf) . (A.4)
== k=1

The following proposition gives an uniform consistency (with convergence rates) for the nonpara-

metric conditional covariance matrix estimation via the MAMAR approximation.

PROPOSITION 1. Suppose that Assumptions 1-3 in Section 3.1 are satisfied. Then we have

e sup 15ij(u) — a7 (uw)| = Op(Tna), (A.5)

where T, 4 is defined in Assumption 4, and o};(u) = cj;(u) — mj(u)m7(u), cj;(u) is the (i, j)-entry of

Cy(u) and m(u) is the i-th element of My(u), C;(u) and My(u) are defined in Section 2.1.

PROOF OF PROPOSITION 1. By (A.2) and (A.3), we have

P P
Gy(u) = & (w) = |0 + D @i (ur) afo+ Y uCik(ur)

k=1 k=1
V4 P
= (G0 — aljo) + Y (ke — afy) ciu(un) + Y @l [Cig(ur) — ciju(ur)] +
k=1 k=1
V4
(@i — alp) [Cijn(un) — cije(ug)]
k=1
— Op <\/log(d v )/ (nha) + h%) (A.6)

uniformly for 1 <4,7 < d and v € Up,,. On the other hand, note that

g (w)i () — m (w)m (u) = [ (u) — mj ()] mj(u) —mi (u) [/ (u) —mj(u)] +

[ () — m ()] [ (u) — ()] (A7)

z J
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with
P

p
i) = () = (Bio = bi0) + D (Bis = V) mi(un) + D b [ ) = me(ug)] +
k=1 k=1
p A~
> (i = i) [isslug) = moi ()]
k=1
— Op <\/log(d vV )/ (nhy) + h%) (A.8)
uniformly for 1 <i < d and u € Uy, , where (A.1) and (A.4) have been used.
Therefore, by (A.6)—(A.8), we have
2155, 5P 1Pl = o5 ()
= max, S’E‘i,p @ (w) = cijw)| + max S [ ()i (w) = mj (w)my (u)]
_ 2, 12
=Op <\/log (dV n)/(nhy) + /log(d V n)/(nhy) + h3 + h2> : (A.9)
completing the proof of Proposition 1. O
PROOF OF THEOREM 1. From the definition of ¥(u) and 0;j(u), we have
T - B
atp [0 mitw], < s 3t~
mZ ) (B () 1 (13 (0)] > pla)) — ()]
" et mZ 5o @) T (1F5(w)] > plu)
o ()1 ([o5;(u )| > p(u)) — o5 ()l (165(u)] < p(u))]
< su me syt @3 (0) — G ()] T (5 ()] > o)) +
me 5 w) = o3| 1 (7y()] > o) +
s mxz 05, 0)] 1 (13, (w)] < plu)
= ]1+Ig+[3. (AlO)
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From Proposition 1, we define an event

£ = { max sup |8Z-j(u) — UZ*](U)} < MlTn,d}7

1<i,5<d yeudy,

where M, is a positive constant such that P (£) > 1 — € with € > 0 being arbitrarily small. By

Property (iii) of the shrinkage function and Proposition 1, we readily have

d
I < sup plu) [m 1(3s(w) > p<u>>] (A1)
u€Up, 1<i<d =
and
d
Iy < My7,q sup max » I (|o;;(u)| > p(u)) (A.12)
ueldy, 1515 4

conditional on the event £. Note that on &,
|03 (w)| < o7 (w)| + |05 (u) — o7 (u)| < |o7;(u)| + My,

Recall that p(u) = My(u)7,, in Assumption 4 and choose My(u) such that inf,cy Mo(u) = 2M;.
Then, it is easy to see the event {|7;;(u)| > p(u)} indicates that {|o};(u)| > M7, 4} holds. As
35 () € 8(q, c4, My, U) defined in (3.4), we may show that

- d
L+1,<Ty4 {sup Mo (u) + Ml] sup max I(|7:j(u)| > Mled)]

ueU

oo ] g
< T |[SUp Mo(u) + My | [sup gga;gi;—q

=0 (ca- 74" (A.13)

on the event &.

On the other hand, by the triangle inequality, we have for any u € U, ,
|03 ()| = |7 (u)] = [04;(u) — o7 (w)] = |of(u)| — My,

on the event £. Hence, we readily show that {|o;;(u)| < p(u)} indicates

{|ai*j(u)| < (Sup My(u) + Ml) de} :

ueU
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Then, for I3, by Assumption 4 and the definition of S(q, cq, My,U), we have

1<z<d

I < su max Z ‘O’U )‘ I (|a;(u)] < (sup My(u) + Ml)Tn,d>
ueU

< (sup Mo(u) + My)' 97, sup max Z |07 (u)

= Op (Cd T q) (A14)

The proof of (3.5) in Theorem 1(i) can be completed by (A.10), (A.13) and (A.14).
Note that

swp [|£7 ) - = W) = s [S7@S@E w0) - £ @S] (W)
u€Up,, o u€Up,, O
< sup ‘ifl(u)H sup ‘2 E;(U)H sup ‘E H
uEZ/{h* uEUh UEZ/{h O
It is easy to prove (3.7) in Theorem 1(ii) from (3.6) and (3.5) in Theorem 1(i). O
PROOF OF THEOREM 2. By the definition of s,(,)(+), it is easy to show that {7;;(u) = s, (T4 (u)) #0}

is equivalent to {[;;(u)| > p(u)} for any u € Uy, and 1 <4, j < d. Hence, {7;;(u) 7é 0 and op;(u) =0}
indicates that
1535 (w) — o35 (uw)| > p(u). (A.15)

Note that p(u) = My(u)7,q with inf,ey Mo(u) > ¢y > 0. From (A.15) and Proposition 1 above,

taking ¢y > 0 sufficiently large, we have
=" <mp 1) = )] > M)
-0,

completing the proof of Theorem 2. ([l

Appendix B: Proofs of the technical lemmas

We next give the detailed proofs of the lemmas used in Appendix A to prove the main results.

PROOF OF LEMMA 1. We next only give a detailed proof of (A.2) as the proof of (A.1) is similar. By
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the definitions of ¢;;x(uy) and c¢;;x(uy), we have

ol n—1
Cipntn) = cislun) = {ZK (%) (X1 X415 — Cij,k<uk)]} / {Z K (—tkhQ k)}
t=1 =1

{z(—)}{z(—)}

= I (i) + I3 (uy), (B.1)

where §t+1 gk = X iXt-l—l,j - Cz‘j,k(Utk)-

We first consider [ )

six(ur) and prove that

n—1
1 U, —u
K( i ")@H,U,k
1

nhsy
2=

max max sup
1<’L j<d 1<k<p ak+h*<uk<bk h*

— Op (\/log(d ) /(nhg)) . (B2)

and

max sup
1<k<p ak+h* <uk <bk h*

1 < U — u
o (U —we
s ; (—h2 ) Ji(ur)

In fact, by (B.2) and (B.3) and noting that fi(-) is positive and uniformly bounded away from zero in

— Op (hg + logn/(nh2)> . (B3)

Assumption 1(iii), we readily have

I uk)’ — Op <\/log(d\/n)/(nh2)>. (B.4)

max max sup
1<4,5<d 1<k<Pak+h*<’uk<bk hy

We next only prove (B.2) as (B.3) can be proved in a similar (and simpler) way. Define

§t*+1,z'j,k = §t+1,ij,kl (|€t+1,ij,k| < ”L) ) §f+1,¢j,k = §t+1,ij,k - gﬂ,z’j,k? (B-5>
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where /(-) is an indicator function and ¢ is defined as in Assumption 3(ii). Observe that

1 ! Uy, — up 1 — Uk — up, * = Utk’
o Z K The Si+1,ijk = . Z K T Sttijk + Z itk
t=1 =

t=1 1
1 Utk — Uk " N
" nhy ;K < ho ) [€t+1,z'j,k - E(ftﬂ,ij,k)] +
n—1
1 Utk — uk o o
n_h2 ; K (h—2> [gt—i—l,ij,k - E(§t+1,ij,k)} (B.6)

as E(§eriin) = E(§ 1 50) + E(E1i55) = 0.

By the moment condition (3.1) in Assumption 1(ii), we have

E (|£§+1,ij,k}) =E [|ft+1,ij,k|f (’§t+1,z‘j,k’ >n')] =0 (nﬂMl) ) (B.7)

where M; can be arbitrarily large. Then, by (B.7), Assumptions 1(ii), 2(i) and 3(iii) and the definition

1 - Ui — ug,
P — SR (B e — B ]| > Moy/log(d v h
<1g%§dl@?§pak+h*<s}jf<bk h. | mh2 — < ha ) [§t+1,m,k (5t+1,z;,k)] 0\/ og(d Vv n)/(nhs)
1 n—1 U
<Pl max max su th — > > M log(d VvV n)/(nh
o <1<1]<dl<k<pak+h*<uk<bk A nh2tz; ( ft+1wl~c 0\/ 8( )/ (nha)

IN

P max max max 10 >0) <P max max max 1 >nt
1§i,j§d1§k§p1§t§n71|Et+1’”’k| — \1<ij<d1<k<p1<t<n— 1’5t+ skl

<P max max |X X >nt—¢) <P max max (X?,,+X2..)>2n'—c¢
- <1<w<d1<t<n 1| t+1,i X1, > 1§z‘,j§d1§t§n—1( t+1,i t+1,J) ( )

d n—1

<2P( max max X2,,>n‘—¢)<2 P(X2. . >pn—c

- <1<z<d1<t<n L = Z;; (Xi1i )
1= —

=0Op (dn exp{—sn'} max, E [exp {in}]) =o(1) (B.8)

for 0 < s < 50, where ¢ = maxi<; j<g MaX<k<p SUPy, <u, <p, |Cijk(Ur)| is bounded by Assumption 2(i).

We next consider covering the set U, by some disjoint intervals Uy, [ = 1, ..., ¢ with the center
uy, and length h3n=*/log(d V n)/(nhy). It is easy to find that q is of order n*hy*\/(nhy)/log(d V n).
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Note that

max max sup
1<6,j <A 1<E<P q; 4 h, <up <bj—hy«

1 n—1 U, — . .
T Z K <tkh—2Uk) [€t+1,ij,k - E(§t+1,ij,k>] |

nh
241

n—1

U, i}
nh2 ZK ( - ) [gt-‘rl isk (gt—l—l,ij,k)}
t=1
n—1
1 Z {K <Utk ) - K (Utkh;fkl)} [£;+17’ij,/€ - E(ffﬂ,ij,k)]

t=

< max max max +

1<i,j<d 1<k<p 1<I<q

max max sup
1<4,5<d 1<k<pu €Uy,

1
n—

1 U .
nh2 tz; K ( L ) [515—&-1 ink (gt—i—l,ij,k)}
n—1

Uy — ug U, —
ZK( ho >_K( ho >'

1

< max max max +

1<i,j<d 1<k<p 1<I<q

2nt
max sup
1<k<p ukeuk 1 nh?

n—1

U, i
nh2 tz; ( k ) [5,5_;,_1 ifk (gt—l—l,ij,k)}

where Assumption 3(i) and the definition of §f,, ;;, in (B.5) are used.
By the exponential inequality for the a-mixing dependent sequence such as Theorem 1.3 in Bosq
(1998), we may show that

< max max max
1<i,j<d 1<k<p 1<i<q

+ 0p (Viog(dV n) (nha)) .

n—1
U, — )
P| max max su K —E(& 5 > Mor/log(d V n)/(nh
<1<17J<d1<k<pak+h*<ukp<bk R nthz; < [ftﬂw’ (gtH’”’k)] 0\/ 3 a4 2))
L& 1 & Utk — ugy
t s * *
< Z ZZ P ( nha ZK <h2) [ftﬂ,ij,k - E(§t+1,z’j,k)] > MO\/IOg(dV “)/(”h2)>
i=1 j=1k=11[=1 t=1

=0 (d2pq exp {—M,log(dV n)}) + O <d2pq [n5+2b/(h2 log®(d Vv n))] 1/47\’ Mo log(dv")) =op(1).

where M, and M, are two positive constants which could be sufficiently large, and 0 < v < 1 is

defined in Assumption 1(i). Therefore, we have

— U,
nhg Z ( e ) [§t+1 gk (§:+1,ij,k)]

=1

> Myy/log(d v n)/(nh2)> = o(1).
(B.9)

Pl max max sup
1<i,j<d 1<k<Pak+h*<Uk<bk hy

By (B.8) and (B.9), we can complete the proof of (B.2).
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Similarly, we can also show that

max max
1<i,5<d 1<k<pak+h*<uk<bk P

— Op <\/10g(d V) /(nh2)> ,
and by Taylor’s expansion for ¢;;x(-) and fi(+)

};E {K (Utkh—_QUk> Cij,k(Utk):| — cijr(u) fr(ug)

max max sup
1<4,j<d 1<k<p apth <up<bp—hs

By (B.3), (B.10) and (B.11), we have

max max sup
1<4,5<d 1<k<p apt+hy<up<bp—h

z]k (uk ‘ =Op (\/log dV n)/(nhy) + h2>

Then the proof of (A.2) is completed in view of (B.1), (B.4) and (B.12).
PROOF OF LEMMA 2. From the definition of (a1, ..., di,) in (2.12), we have

/\/\

~ . ~ -1 r~ ~ ~
sias - Tig) = Q5 Vi = [+ (R = Q)| [Vig + (Vi = Vi) |

where €, is a p x p matrix with the (k, [)-entry being

n—1

- 1
Dijwt = —— > & (Un)e5 1 (Un), ¢4 (Unn) = cijn(Uu) — E [cijn(Uu)]

-1
" t=1

and \N/'ij is a p-dimensional column vector with the k-th element being

U’L_]k -

Following the proof of (B.2) above, we may show that

n—1
1
s 10 = 3 eulUn) — Elegu(Uin)] = Op (Vioad Vi)
and
n—1
1
285, 1 g 22 Koy — B i ]| = Op (View(d V).

5 o )t () ]

—0p (1)

*

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)



By (B.14), (B.15) and Lemma 1, we readily have

,pax Q- ﬁij T Op < log(d V n)/n 4 y/log(d Vv n)/(nhy) + hg) (B.16)
and

max \A/ij — V|l =0p <\/log(d vV n)/n++/log(d VvV n)/(nhy) + hg) : (B.17)

<ij<

By (B.13), (B.16) and (B.17), we have

(@ijas -, Gigp) = ﬁjjl{f” +Op <\/log(d vV n)/n 4 +/log(d Vv n)/(nhy) + h%) . (B.18)

Again, following the proof of (B.2), we can easily show that

e ‘ﬁzj — o Op ( log(d v n)/n) (B.19)
and
mas [V = V|| = 0p (Viegl@v /) (B.20)
which together with (B.18), indicates that
p
85,3 B — 4] = O (VITIV A+ VgV k) ) (321

We finally consider @;;0. Note that uniformly for 1 <14, j <d,

1 n—1 p 1 n—1
Ao = —] Z X1 Xepry — ) Gijk — Cijk(Utr)
t=1 k=1 L t=1
1 n—1 p B 1 n—1
= n—1 Z Xt+1,iXt+1,j — ”dij,k n—1 Cz‘j,k(Utk) + OP (\/10g<d V n)/(nhg) + hg)
t=1 k=1 L t=1
p
= E(XuXy) + Op ( Tog(d V n) /n> N G [E (XuXy) + Op <\/log(d vV 1)/ (nhs) + hgﬂ
k=1

= (1 - Z a%,k) E(XuXi) + Op <\/log(d v n)/n++/log(d Vv n)/(nhy) + h%)

=aj;o+Op <\/log(d v n)/n++/log(d Vv n)/(nhy) + hg) ) (B.22)

where (B.14), (B.15) and (B.21) have been used.
From (B.21) and (B.22), we can complete the proof of (B.3). The proof of (B.4) is similar, so
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details are omitted here. The proof of Lemma 2 has been completed. ([
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